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LIST OF SYMBOLS

Sy mbol Represcnting Units

A mean preisented area of' projectile cm2
area of' top of truncated cone

al Conistan ts in logistic fIlnction

d tensile elastic limit of skull cmn

1) 2 r (diameter of' sphere of' same mean cm
prc,'nted area)

I mass of' projectile kg

P probability of penetration of skull

I' radius of top surface of truncated cone (main text) cm
"polar co-ordinate (Appendix A)

R radius of base of truncated cone cm

s length of side of cone cm

S surface area of the side of the cone cmý

t mean thickness of skull under area of impact cm

T tensile strength of skull N cm-2

v velocity of projectile m s 1

v50 velocity at which there is a 50% chance of skull m s"1

penetration

X model variable (defined in equation 4)

X50  model variable corresponding to v5 0 ( exp(-a/b))

TI half angle of the truncated cone degrees

0 polar co-ordinate (Appendix A) degrees

polar co-ordinate (Appendix A) degrees
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A MATIIIiMATICAL MOD)EL OF Till' PROBABILITY OF PERFORATION
OF TillE HUMAN SKULL, BY A BALLISTIC PROJEI(CTILE,

1. INTROI)UCTION

In civilian, as well as military environmnents, there are sometimes hazards from ballistic
fragments. Because of the extreme vulnerability of' tI.e brain to p)enetrating injury, the difference
between a relatively harmlless wound and a lethal one often hinges on whether the skull is perforated
when struck by one of these projectiles. In the military application, an important part of determining
the vulnerability of the soldier or, conversely, the effectiveness o1f protective helmets lies in our ability
to predict the circumstances under which the skull will withstand the impact of a fragment or bullet,
In this report a mathematical model is developed which provides an esl:mate of the probability of
pertoration of the inner table of the skull and subsequent penetratio,, of' the brain by a cube or
sphere. This probability is considered .i !unction of the striking velocity and other physical properties
of tht' proijectile as well as the thickness of the bone under the impact area.

-. l)l{RIVATION OF THE MODEL

The skull is composed of inner and outer surfaces of hard compact bone and an area
between, called cancellous bone, which is less dense because it contains a higher percenta-Ie of living
cells. The impacting projectile, when it perforates, punches out a hole in the outer table roughly its
own size. The area over which the force is exerted spreads within the cancellous portion, causing a
larger and more irregular hole in the inner table. This phenomenon is often called "cratering" and is
used by forensic pathologists to tell exit from entrance wounds in the skull. This is possible because
the larger, irregular hole is in the outer table with an exit wound.

To simplify the mathematical model, this phenomenon is idealized by the following
assumptions:

I. In the region of the impact the skull is a flat homogeneous plate of bone with
urniform mechanical properties.

2. When the skull is perforated by a projectile, a truncated right circular cone of bone
is driven out in front of the fragment.

3. The top of the truncated cone has an area equal to the mean presented area of
the projectile-, i.e., the projectile orientation is assumed to be random.

4. The velocity of sound in bone is much greater than the velocity of perforation, so
compressional effects may be neglected.

5. The probability of perforation depends only on the logarithm of the ratio of the
stress imposed on the skull by the impacting projectile to the tensile strength of the bone.

6. The underlying probability distribution governing perforation is well approximated by
the logistic distribution on the model variable, the log stress ratio of assumption 5 (e.g., if the true
distribution were Gaussian this assumption would be valid). Some of the factors contributing to the

*: variance of the probability distribution are variations in the mechanical properties of bone from skull

9



lo skull, differences in the proportion of cortical to cancellots bone, and randonm deviations from-I

soule of tle assuilptions listed above (f'or insttince, deviation 1'roin con ica shape in the crater), each I
of' which is unique.

A ,schematic tliagrain of' the penectraiting projectile i.s shownt in l'igurc I. For purposes of'

ihlllist rt ion, the projectile is idealized as a right circular cylinder impacting end-on. The terms Which
will b used in lmost fhich appar in ligure 1, are defined in the list of
s,' mbols. The units used are not Sl but arc those customarily used in w,)mid ballisitics and arc
retained here as a mnattkr of' convenience.

HV s

Figure 1. Idealized Schematic Diagram of

Cylinder Perforating Skull

The surface area of the side of the truncated cone is given by:

S 7r (r + R)s (1)

But s t sec'I" and R = r + t tani', so

= wr (2r + t tan1)t sec* (2)

10



The minimnum averiage force exerted in pushing out the conical section of skull may he approximated

by dividing the kinetic energy ofi the prqitectile by the hypothetical elastic limit of the bone, i.e., the

distance that the plug could ble noved NIl'ore it winhl break loose f'rom the surrounding material.

Thus,

lorce V '/2mv 2/d

tensile stress - force/S

stress ratio tensile stress/tensile strength (1)

V,2 mv 2 /d
T 7r (2r + t tan)t sec'l'

The quatlity -2r may be renlaced by the variable I) = 2-/A/wr to generalize to a projectile with a
noncirclli:r pres'nted area. When inserted into the probability functio'n, the multiplicative constants rof
equatihn 3 may be absorbed into logistic parameter a (see equation 5 below). WithI these modifications
thle stress ratio becomes the model variable,

Y2 myv V/ mvw'/t 2  *

t 2 sec*I(D/t + tan*') seci'(D/t + tan*')

We will use the logistic probability distribution function to estimate the probability of penetration of

the skull.

I + e-(a + blnX)

where a and b are determined from data (see next section).

The natural logarithm (In) of X is used instead of X itself to equalize the variance over the domain of
definition. This requirement is most easily explained by use of an example: Suppose we are concerned
with tle probability that a certian projectile will perforate some material in sheets of different
rlicikn'.sses where the probability of perforation is a function of velocity alone. On a thin sheet where
the v5 0 , the velocity at which the probability of perforation is 0.5, is 100 m/s, we would expect a
standard deviation on the order of tens of meters per second. On a much thicker sheet. where the

vso is 1000 m/s, we no longer expect the standard deviation to be measured in tens, but in hundreds
of meters per second. In other wotds, we expect the standard deviation to be roughly proportional
to the magnitude of the mean. In this case, the variance may be approximately equalized over the

whole domain by dealing with the logarithms of the numbers rather than with the numbers themselves.

• The equation is expressed in this manner as an aid to plotting X at a later stage.

II
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3, FITTINGi Till. MO|),'L

The data used were oblained from two previous studies oi1 skull pcnletration.*,** Since
the analysis on these studies Showed that I he response of dried skulls was signiflicantly different from
thAt of fresh skullcaps, only the latter were used in determining the parametecrs ', and ) For the logistic
i.nction of euai tiou 5. The physical properties of thle five projectiles used are listed in the table.

Table. PIoectiles Studied (All Made of Sleel)

2 J !Proeectilh. Mass Mean Mean
diluelnsion * prescIned area**

gill cill ctil

0.85 grain sphere 0.055 0.238 0.0445
-'iA rai cube 0.135 0.265 (1 () S0
4.2 grain cube 0.274 0333 0. I6(

Io girain cube I .029 0.514 0.3966
225, ,rain cube 14.694 1.230 2.29--•33

* t)ianieter for sphere" edge for cubes.

** Surface area/4; see appendix A.

The ability of the model to properly scale the probability of perforation of skulls of
difi'Lcr,:it thickness by projectiles of different mass was tested against the vs0 of tho above five pro-
ictiles. Tile Vso was obtained by -'eraging the five highest nonperforating velocities and the five

Io\%ýý,t perforating velocities for each skull thickness for which there were sufficient data.+ These data
arc shown plotted in terms of the model in figure 2. Note that the abscissa is tile logarithm of the
numerator of the model variable of equation 4, while the ordinate is the logarithm of the denom-
inator..A straight line of slope I represents a constant ratio of tile numerator and denominator (see
appendix B'). When drawn through the data in figure 2, this line allows a visual assessment of the
,oodness of fit of the data from low energy to high energy. The energies are ' ms-50 I'or all v50
points. Since * is a variable, it may be adjusted to cause the sphere and cube data to be on a
common line. A 4' of 230 for the sphere and 30' for the cubes not only superimposed the two
groups but tilted the individual data sets to form the best straight line of slope 1. Since the co-
linearity of the data with the reference line is relatively insensitive to *. the difference (GO between
spheres and cubes) is more significant than the magnitude of \'.

Millet. J. F.. Ashman, W. P., and Jameson, J. W, Edgewood Arsenal Technical Report EATR 4373. Ballistic Limits
Of Skulls Against Steel Cubes. April 1970.
Mickicwicz, A. P. Chemical Systems Laboratory. Private communication.

+ To obtain the maximum number of v5 0 points, a few were averages of 4 and 4 instead of 5 and 5.
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At't , tle deterininatioii of ', all the vwriables in equation 4 arc known. It is thenJlosIsble to fit the dichotomous data (pertoration or nonperl'oration) to the logistic finction by the
,Wpproxd1 ate least squares method of' Walker and )utncan.* In this technique all data are used to approx-
inatc th, v5() lOr eachi skull thickness/proJectile combination. For each shot the mass, striking
\clocity, *I, skull thickness, and mean prcesntld area are used to calculate X from equation 4. A
scootd number is associated with this value: I I'r perI'oration, 0 Ior nornperfi'rat•on. The Walker-Duncan
icthd thoen iteratively t ' conlverges o•l valtues )l' a and h1 which ppl oxiniiatel' iliiniini/c the sum of'
skil,1I;;'d dlifterences between the predicted probabilitv oIf pcnetration (equation 5) and the assigned
\,alie (0 to I1 [Or all shots by all pro•ictilcs. The resulting values (of a and b art:

a -13.035, b 4.793

I ies ot slope I in f'igure 2 repre.ent constant values of X and, therefore, di.crete Icvek
of prob•bility of pertoralion. To find the line oi' 5O0'/ probability we insert 11 0.5 in equation 5
Alild N01wt.

'I =0.5I + c-(a + blnX 5 0 )

e"(a + blnX 5 0 ) =

j' hi. tt1-plies

a + blnX 0 = 0

'Amy m 50
lnX 5 0  tin sec*(D/t + tan*I) -ab (6)

\\here X5O is t'rom equation 4 with v v5 0 .

There tore.

lnft 2 sec'(D/t + tan*')] a/b + In[. rv 20 1(

It is this line which is drawn in figure 2. The good agreement between the line, derived from all data.
and the plotted points, derived from a few selected data points, lend some credence to the validity of
using those approximate v5 o points in determining the value of *1. An example of the use of the
model is given in appendix C.

* Walker, S. H., and Duncan, D. B. Estimation of the Probability of an Event as a Function of Several Independent
Variables. Biometrika 54, 167.179 (1967).
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4. SLIMMARY AND CON('LUSIONS

The model delived above is based on tile assUm llpion that a pluJ! ol homogeneous material
in the shape of a truncated cone is driven out of the skull by the perforating projectile. T'he area of
tle small end of' the truncated cone is asstimed equal to the Incan presented area of the projectile.
tInder these assumptions, both spheres and cubes may be acconnmmodated in the saine mf•del by letting
the halt angle ti t' he cone take on dil'feren, values ior the two shapes. I-xperiencc widi previous
niodel. o pen t ration has shown tlhiat chunkv, irregular fragments usually hehaave in a man ncr more
•,, lah to .ubhs than sphe res. There fore, it . r *ggested that the culbe hIllF angle, 1; = 30", he used
,o 'r:iet .ilt ,as well.

tile data used in fitting this model were obtained from impacks on hare ')onc. In predlicting

the probability of penetrating the skull of live humans, this model neglects the protection offered by
the scalp and •Sonletinies) hair. Thus the model is conservative in the sense of preddicting somewhat
hihcr probabilities of penetration that would actually be observed in live human skulls of the same
thickness.

Caution must be exercised when applying these criteria to projectiles larger than those in the
data base or of density mtuch different from that of steel. There are no data available to test the
model outside the range Of masses and presented areas of the projectiles of the table. Large projectilesNat lower velocities are particularly risky because of significant curvature of the skull over large areas
anld different mechanisms of skull fracture which occur under these conditions. It should also be noted
that assumption 3 requires random orientation of the impacting projectile. This will be valid for
projectiles whose mean dimension is not much larger than the thickness of the skull, since in per-
lorating the skull the projectile will ultimately present its mean area, e.g., by rotation during penetration.
For projectiles whose mean diniension is greater than the skull thickness (for example, paper weights).
the projectile is unlikely to perforate presenting its mean area, and the effect of orientation of the

pro.i~ctile will be important.

5. RECOMMENDATIONS FOR FURTHER WORK

When examining the skullcaps perforated by cubes, one does n't see flat-sided holes with
nCAt square corners, but rounded holes. This indicates that the assumption of equality between the
mean presented area of the projectile and the area of the hole in the outer table should instead be
an assumption of proportionality. Differences between spheres and cubes could then be accounted for
by different constants of proportionality rather than different half angles *. Irregular fragments would
have a proportionality constant somewhere between those of the cube and sphere. Unfortunately, there
are no data available for irregular fragments nor even sufficient data for the spheres and cubes to
allow an accurate determination of the proportionality constants.

If additional data are acquired, particularly fragment data, it is suggested that the following
model be tried:

1/my
2

X = t(kD + t tan*!)

where k depends on the sbrile of the projectile (sphere, cube, chunky fragment, etc.) and 'I is a
constant, independent of F',ape.



APPENDIX A

MEAN IIRIESIENTI'l) AREA

Let us first develop the "simple case" ol the mean presented area of a sphere. We want to

express this as a fraction of its total surface area. To ohtain the surface area we will integrate in polar
co-ordinates as in figure A-I . Notice that the width of the element of area dA is r sin 0 (10. The sine

tfinction is necessary because, like the outer surface of' an orange segment, it miust narrow to a point
at the top (9 = 0). Even if the wedge is infinitesimally thin, it still niust he shaped like a wedge.
Another way of' looking at this eflfect is to imagine 0 held constant, then when we rotate around the
vertical (W. axis through an angle do, the distance moved on the surface is r sin 0 (10. The surface area
ol tile sphere is

Sr~2 17r d A I
AS J= r- sinO do r= (-cosO) 01 (A-1

= 2r 2  do = 4wrr 2

Referring again to figure A-1, we now wish to obtain the mean area projected on the
plane PI at the right of the figure, parallel to the x-z plane. The width and height of dA as projected
on this plane are r sin0 sino do and r sinG dO. Thus the projected area is

Ap =fr 2 sine sin 2 0 dO do (A-2)

where the limits of integration on 0 are 0 and vr because the region from 7r to 27r is on the far side
of the sphere from the plane P1 and does not contribute to the presented area required. Thus.

Ap r2 sinO -[ sin 20 0 do

= -- f sinO do = vrr 2  
(A-3)

The mean presented area Ap (as expected) is the same as the cross-sectional area and is a quarter of
the surface area. The angles 0 and 0 may be interchanged without affecting the results.

17
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Figure A-I. Element of Area of a Sphere and
Its Projection on a Plane

We now turn to the problem of the mean presented area of a polyhedron with an arbitrary
number q of plane elements as its surface. Let the area of a typical element be E. Then the projected
airea of the element E, under all possible orientations of the polyhedron with respect to the plane, of
pro-ection (x-:7. is equivalent to the projected area of E rotated about its center of mass as in

figure A-2. The co-ordinate system is centeced at the center of mass in such a way that the normal
n to the area E makes an angle 0 with the z-axis. The projection of the normal onto the x-y plane
makes an angle o with the x-axis. The integral of the area projected onto P1 is

AI= E JJ sinO sino do sinO dO (A-4)

- E J0 f r sino sin 2 0 dO d = 7rE

where the first sin0 is, as above, necessary to provide equal weight to all possible orientations. Because
1: is a finite area (not an infinitesimal), the area A, is an integral projected area - not a mean. To

obtain the mean, we must divide Al by the total solid angle subtended by all possible orientations
of the element E (i.e., the solid angle swept out by n), namely 41r. Thus the mean projected area
Ap = A1/47r = E/4.

Appendix A 18
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Figure A-2. Element of Area of a Polyhedron
and Its Projection on a Plane

If there are q elemental areas in the polyhedron each having a mean projected area equal
to a quarter of its surface area, the total mean projected area is a quarter of the total surface area,

i.e.,

q q

Ap = • Ai/4 - 4 Ai = WAS (A-5)

i=l i=l

This formula is valid for convex surfaces only. If there were a concave portion on the
surface, it would be shielded by another part of the surface on part of the interval 0-Ir of one or
both angles of equation A-4. Any convex shape can be approximated to any specified accuracy by
making q sufficiently large and the Ai sufficiently small. Thus the mean presented area of a convex

solid is-of its total surface area.

Appendix A 19/'2



APPINI)IX B

COMMENTS ON TIlE SLOPI- 01; A L(X; - LO(; PILOT

Consider the graph in the f'igure, where the two variables N and I) are plotted on
logarithmic axes. Suppose the data indicate a straight line relationship on this graph.

Then,

In I) = p In N + q

= In NP +

In NP - In 1) = -q

.In (_-q

after exponlentiatfiln,

NPl

If p 1, there is a constant ratio between N and D.

Itf p 2, there is a constant ratio between N2 and 1).

If N = rmv2/t2 and D = sec'(D/t + tan*) the N/D = X (see equation 4). A line of slope I in the
plot of" In N v In D then represents a constant ratio between 1/2mv2/t2 and sec1(D/t + tan*).

.p:2 D: 2'N

In N

Figure. General Linear Relationship Between In N and In D

/2



CI
API-IFNDIX C'

IEXAMPLIEOF T11E USC () THEl MATI~llMA'rI('AL MOI)F.L

Let us assume that we wi•i to know the velocity corresponding to a 0.5 prohahility of

penetration for a 0.5-gram cubi: o1" mean presented area 0.245 cm impacting a skull of 0.5-cm

thickness. lhroni equaltion 6 we obtain

Vso = I i" sec(I)/t + tan'Picxp(-zi/h)/n I

w1)re 2 =2 V"O,245h = 0.5585 cm

= 30"

t = 0.5 cm

m = 0.0005 kg

a = -13.035 4

b = 4.793

Substitution above gives v50 = 172 m/s. Suppose we wish to know the probability of

penetrating the skull if the cube of our example impacts at 200 m/s. From equation 4 we obtain

X = 20.44St2 sec*I(D/t + tan*)

Then

IP = . . .. =0+807
I + exp(-a - blnX)

The following table can be constructed using similar calculations, assuming the same fragment and
skull thickness:

Velocity m/s Probability of penetration

150 0.209

175 0.537
200 0.807

225 0.973

The value of probability of penetration above does not indicate the proportion of the skull thickness

penetrated but rather the proportion of hits which would be expected to punch out a plug of bone

23
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ftromn the skull given a large number of hits. Thus, in the example above, at v = 200 m/s, 80.7% of, all shots tired would be expected to penetrate for that fragment/skull thickness combination, while1Q.3% would not. No attempt Is made t(; -redict the outcome o1f individual shots.
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